In this paper we consider compressions of k th -order slant Toeplitz operators to the backward shift invariant subspaces of the classical Hardy space H 2 . In particular, we characterize these operators using compressed shifts and finite rank operators of special kind.
Introduction
Let T = {z : |z| = 1} and denote by L 2 = L 2 (T) the space of all Lebesgue measurable functions on T with square integrable modulus, and by L ∞ = L ∞ (T) -the space of all Lebesgue measurable and essentially bounded functions. Moreover, let H 2 be the classical Hardy space in the disk D = {z : |z| < 1}. As usual, we will view H 2 as a space of functions analytic in D or (via radial limits) as a closed subspace of L 2 (see [6, 8] for details). The orthogonal projection from L 2 onto H 2 will be denoted by P .
For ϕ ∈ L ∞ the classical Toeplitz operator T ϕ is defined on H 2 by
where M ϕ : L 2 → L 2 is the multiplication operator f → ϕf . For ϕ ∈ L 2 the operators T ϕ and M ϕ can be defined on a dense subset of H 2 and L 2 , respectively (namely, on bounded functions).
Classical Toeplitz operators, as compressions of multiplication operators to H 2 , are among the most studied linear operators on the Hardy space. Their study goes back to the beginning of the 20th century (for details and references see, e.g., [23] ). In recent years, compressions of multiplication operators to model spaces were widely studied. Model spaces are the non-trivial subspaces of H 2 which are invariant for the backward shift operator S * = Tz. Each of these subspaces is of the form K α = H 2 ⊖ αH 2 , where α is an inner function: a function analytic and bounded in D (α ∈ H ∞ ) such that its boundary values are of modulus one a.e. on T.
For an inner function α and for ϕ ∈ L 2 let
where P α is the orthogonal projection from L 2 onto K α . Note that A α ϕ is densely defined since K ∞ α is a dense subset of K α . These operators, called truncated Toeplitz operators, gained attention in 2007 with D. Sarason's paper [24] . Ever since, truncated Toeplitz operators have been under constant intensive study, which led to many interesting results and applications (see [10] and references therein). More recently, authors in [4, 5] and [3] introduced the so-called asymmetric truncated Toeplitz operators: for two inner functions α, β and for ϕ ∈ L 2 an asymmetric truncated Toeplitz operator A α,β ϕ is defined by
As above, A α,β ϕ is densely defined. Moreover, A α,α ϕ = A α ϕ . These operators were then studied in [12, 17, 18, 21, 22] .
a j−n z j and the matrix of M ϕ with respect to the standard basis {z n : n ∈ Z} is given by 
Similarly, for each n ∈ N 0 , T ϕ (z n ) = ∞ j=0 a j−n z j and T ϕ is the operator on H 2 represented by the matrix (with respect to {z n : 
Equivalently, U ϕ : L 2 → L 2 , ϕ ∈ L ∞ , is given by
and represented by the matrix 
Note that if ϕ ∈ L 2 , then U ϕ and V ϕ are densely defined. For k = 2, operators U ϕ (called slant Toeplitz operators) and their compressions to H 2 were first studied in [13, 26] (see also [14] [15] [16] ). These operators have connections with wavelet theory and dynamical systems (see, e.g., [11, 14, 25] ). In [19, 20] the authors investigate commutativity of k thorder slant Toeplitz operators. Observe that if we consider k = 1 in the above definitions,
Here we study compressions of k th -order slant Toeplitz operators to model spaces. For a fixed k ∈ N, two inner functions α, β and for ϕ ∈ L 2 define
and denote by S k (α, β) the set of all the compressions U α,β ϕ , ϕ ∈ L 2 , which can be boundedly extended to K α .
In Section 2 we investigate conditions on ϕ which imply that U α,β ϕ = 0. We show that, in contrast with the case of U ϕ and V ϕ [1, 2] , U α,β ϕ can be equal to the zero operator for ϕ not equal to zero.
In Section 3 we characterize operators from S k (α, β) using the compressed shifts S α = A α z and S β = A β z . It is well known that a bounded linear operator T : H 2 → H 2 is a Toeplitz operator if and only if T − S * T S = 0, where S is the shift operator S = T z .
A similar characterization was given in [1, 2] for V ϕ . Namely, T is a compression of a k th -order slant Toeplitz operator to H 2 if and only if T − S * T S k = 0. We show, for example, that a bounded linear operator U from K α into K β belongs to S k (α, β) if and only if U − S β U(S * α ) k is a special kind of operator of rank at most k + 1. This is done in the spirit of D. Sarason's characterization of truncated Toeplitz operators given in [24] , where, among other results, he shows that U is a truncated Toeplitz operator if and only if U − S α US * α is of rank two and special kind (see also [3, 12, 21] for the asymmetric case).
Operators from S k (α, β) equal to the zero operator
In this section we investigate for which ϕ ∈ L 2 , U α,β ϕ = 0.
We start with some basic properties of the operator W k and its adjoint W * k . Some of these properties can be found for example in [13] (for k = 2) and in [1, 2] .
Proof. The proofs of (a)-(e) are straightforward. We only prove (f) and (g).
To show (f) fix ϕ ∈ L ∞ and take any f, g ∈ L 2 . Then by (b) and (d),
If α is an inner function, then W * k α is also an inner function by (a). Since P α = I L 2 − M α P M α , using (e) and (f) we obtain
For the reminder of this section fix k ∈ N. Proof. Assume that ϕ = αh 1 + W * k β · h 2 for some h 1 , h 2 ∈ H 2 . Then for all f ∈ K ∞ α and g ∈ K ∞ β we have (by Lemma 2.1(g)),
is not uniquely determined by its symbol. Moreover, boundedness of the symbol is not necessary for the boundedness of U α,β ϕ . In general, the implication in Proposition 2.2 cannot be reversed as the following example shows.
Observe that U α,β ϕ can be seen as a composition of W k and an asymmetric truncated (see [3, 17] ).
Let α be an inner function. Then the operator C α : L 2 → L 2 , defined by the formula
is a conjugation on L 2 (an antilinear, isometric involution). Moreover, C α (K α ) = K α (see [9] and [8, Chapter 8] ). It is known that all truncated Toeplitz operators are C αsymmetric, that is, [24] . It was observed in [21] 
αϕβ (see also [12] ). Here we have Proposition 2.5. Let α, β be two inner functions and let ϕ ∈ L 2 . Then
As a corollary to Lemma 2.5 we get the following. 
and it follows that U α,β ϕ = 0.
Let us note that if an inner function β is such that β(0) = 0, then z k divides W * k β = β(z k ) and z k−1 W * k β is also an inner function. Moreover,
Characterizations of operators from S k (α, β)
Let α and β be two inner functions. In this section we will characterize operators from S k (α, β), k ∈ N, using compressed shifts and finite rank operators of special kind. Recall that the compressed shift S α is defined as S α = A α z = P α S |Kα . As K α is S * -invariant, we have S * α = A α z = S * |Kα . For each n ∈ N 0 and w ∈ D the functional f → f (n) (w) is bounded on H 2 and so there exists k w,n ∈ H 2 such that f (n) (w) = f, k w,n . It is not difficult to verify that k w,n (z) = n!z n (1−wz) n+1 and, in particular, k 0,n (z) = n!z n . Denote k w = k w,0 .
f,k 0,j j! z j , we have, for |z| = 1,
which proves (b).
As K α is a closed subspace of H 2 , f → f (n) (w) is also bounded on K α for each n ∈ N 0 and w ∈ D. Then f (n) (w) = f, k α w,n for all f ∈ K α and k α w,n = P α k w,n (see, e.g., [7, p. 204] ). Denote k α w,n = C α k α w,n . In particular,
where the equality holds on K ∞ α with
Proof. Let f ∈ K ∞ α and g ∈ K ∞ β . By Lemma 3.1(a) we have
For k = 2 the following was partly noted in [13] . 
If 0 < |m| < k, then kj + m is not divisible by k and so W k M z m W * k f = 0. On the other hand, if m = 0, then W k W * k f = f (Lemma 2.1(c) ). Then for
This and the fact that P α = P α P give P α (ϕ) = P α P (ϕ) = P α χ = χ.
Moreover, since P β = P β P and P W k = W k P , for 1 ≤ l ≤ k we have
where the last equality follows from Lemma 3.3 and the fact that 0 < |j − l| < k − 1 for
and (3.1) follows from Lemma 3.2.
Theorem 3.5. Let U be a bounded linear operator from K α into K β . Then U ∈ S k (α, β), k ∈ N, if and only if there exist functions χ ∈ K α and ψ 0 , . . . , ψ k−1 ∈ K β such that
Proof. If U ∈ S k (α, β), then U = U α,β ϕ for some ϕ ∈ L 2 and it satisfies (3.2) by Lemma
3.2.
Assume that U satisfies (3.2) for some χ ∈ K α and ψ 0 , . . . , ψ k−1 ∈ K β . Without any loss of generality we can additionally assume that ψ 0 (0) = . . . = ψ k−1 (0) = 0 (otherwise we would replace ψ j and χ with ψ j − ψ j (0)
It follows that for any n ∈ N,
Since for every f ∈ K α ,
By Lemma 3.4,
and as above (
(3.5) follows from the fact that P χz k(n+1) f , W * k (S * ) n+1 g ≤ χf · (S * ) n+1 g → 0 as n → ∞,
This means that for f ∈ K ∞ α and g ∈ K ∞ β ,
and by (3.4) , 
However, in that case
and so, by Proposition 2.7, U = U α,β ϕ 1 = U α,β ϕ .
Note that if ψ 0 (0) = . . . = ψ k−1 (0) = 0, then the pairwise orthogonal functions
Corollary 3.7. If U ∈ S k (α, β), k ∈ N, then there exist functions χ ∈ K α and ψ 0 , . . . , ψ k−1 ∈
. . = ψ k−1 (0) = 0. Moreover, the above decomposition is orthogonal. 
Proof. By Corollary 2.6, U ∈ S k (α, β) if and only if C β UC α ∈ S k (α, β). By Theorem 3.5, the latter happens if and only if
for some functions µ ∈ K α and ν 0 , . . . , ν k−1 ∈ K β . Since C α is an involution, (3.7) is equivalent to
By C α -symmetry of the compressed shift, the above can be written as
with χ = C α µ ∈ K α and ψ j = C β ν j ∈ K β for j = 0, 1, . . . , k − 1.
Proof. Assume that U satisfies (3.6). A reasoning similar to the one given in the proof of Corollary 3.8 shows that C β UC α satisfies (3.7) with µ = C α χ and ν j = C β ψ j . By 
Using Theorem 3.5 and Corollary 3.8 one can prove the following. 
Proof. Use reasoning analogous to the one presented in the proof of [12, Cor. 2.4 ].
Note that if dimK β = 1, then by Theorem 3.5 all bounded linear operators from K α into K β belong to S k (α, β) for each k ∈ N.
Corollary 3.11. Let α and β be two inner functions and assume that dimK α = m < +∞.
If k ≥ m, then every bounded linear operator from K α into K β belongs to S k (α, β).
Proof. Let U be a bounded linear operator from K α into K β . If dimK α = m < +∞, then U − S β U(S * α ) k has rank at most m, which by assumption is less or equal to k. Hence, there exist functions g 0 , . . . , g k−1 ∈ K α and f 0 , . . . , f k−1 ∈ K β (some of these functions possibly equal to zero), such that
Since here the kernels k α 0,0 , k α 0,1 , . . . , k α 0,m−1 are linearly independent and span K α , each g j can be written as a linear combination of these kernels and so U satisfies (3.2). and ϕ = ∞ n=−∞ a n z n ∈ L 2 , the operator U α,β ϕ is represented by the matrix   a 0 a −1 a −2 a −3 a 5 a 4 a 3 a 2 a 10 a 9 a 8 a 7   .
It follows easily that every bounded linear operator from K α into K β belongs to S 5 (α, β).
Note that here U α,β z = 0, but z / ∈ αH 2 + z k−1 (W * k β)H 2 = z 4 H 2 + z 11 H 2 .
Finally, we describe some rank-one operators from S k (α, β).
Proposition 3.13. Let α, β be two inner functions and let k ∈ N. Then for each l ∈ {0, 1, . . . , k − 1} the rank-one operators k β 0 ⊗ k α 0,l and k β 0 ⊗ k α 0,l belong to S k (α, β).
Proof. Let l ∈ {0, 1, . . . , k − 1}. Since S β k β 0 = −β(0)k β 0 , we have
and by Theorem 3.5, k β 0 ⊗ k α 0,l ∈ S k (α, β) since it satisfies (3.2) with χ = β(0)(S k α k α 0,l ), ψ l = k β 0 and ψ j = 0 for j = l. It follows that, by Proposition 2.5, k β 0 ⊗ k α 0,l = C β ( k β 0 ⊗ k α 0,l )C α ∈ S k (α, β). Proof. By Corollary 3.6 and the proof of Proposition 3.13, k β 0 ⊗ k α 0,l = U α,β ϕ 1 with ϕ 1 = β(0) S k α k α 0,l + k β 0 (z k )l!z l .
Since for each g ∈ K α , S k α k α 0,l , g = P α (l!z l ), (S * α ) k g = l!z l , T z k g = l!z l+k , g ,
we have S k α k α 0,l = P α (l!z l+k ) and ϕ 1 = β(0)P α (l!z l+k ) + (β(z k ) − β(0))l!z l+k = W * k β · l!z l+k − β(0)(l!z l+k − P α (l!z l+k )).
Since ϕ 1 − ϕ ∈ αH 2 we get k β 0 ⊗ k α 0,l = U α,β ϕ 1 = U α,β ϕ , that is, (a) holds. Now (b) follows from Proposition 2.5.
